
 

KETETRICFUNITÀ

Tha ABCFGLRR Let tre a smooth curve G a reductive group

There exists an equivalence of categories

Ha DmodBona X IndCohnp LocSyselx

whch saisfin affranfibilfis a

Our goal is to understand something about the abovethem

Let's step aside from the above therim and the mysterious objects
that appear in it and let's just except thefact that we want
to study the stack Buna of fppf Gtansons on

By the general pattern of algebraic geometry we may study a
space I bystudying fees on it
This study will be carried out by looking at D modules which
we should think as some kind of categorified functions

EI A toymodel finite sets

To a finite set we mayassociate associate the C algebra
of functions CTX 3 f X Ci multiplication and sum are pointwise

ai è
Tx CIX CTX Te f fa

integratealongfibers



This machinery allows us to perform the following

def A correspondence or a span between and is

a diagram E

rate Any correspondence induces an action of CTE between CITAand CIXI
that is a linear map integraltransform

This pattern
Cr7 HomeCR Era is analogous to

pt f E f ta K ref theFourier transform

integralkernel

e When and Z XXX the universal corn we obtain an isomorphism

ETXXX Ende CR Matrices linear endomorphism

Turns out we can characterize the algebra structure on the RHS
via push and pulls This is Known as the often product
We stati it more precisely in the relative case_

Prof Let I X Y ba a map of finite sets CTX is naturally a
CITY algebra via it Then

1 The integraltransform CITXIX Ender CR7 is an iso in Vecta

2 The algebra structure on the right maybe recovered from thefollowing
convolution product

I
W Itis t.tw Tiv Now
a

ClaireETYX



proof We may write X y asthedisj Onion of the fibers
so that XIX exy

Then Enders CEI Inde era and ENIX yI.ltyxXy can be

identified with the algebra of block diagnralmatrias indexedby
In w̅ 1 follows immediately

We now prove point 2 We need to establish that

In
convolution product in theIntegralaction statement

Recall that the action of CIXIX on CTX is given by

M F a V TIM
Thus we need to check that

ta a Ti te F Tik Ita Itis TiF Tisa Tik

Lemmale ise The following hold

11 Projectionformula For any x ̅ X 7 FECTX gear
Itaf g Ta f t'g

2 Base changeformula For anycontusion diagram offinte sete

the linear maps CTX CEYte

g fa la 9 7 coincide



Iterations of these formulas will provide the proof ensidering
the cartesian diagram

X
Yf

x X
forctoriality

Ita Itis Tiwatisv Tim Ita Itis T.tw Tiv TITIM

Ta Tas T.tw Tiv IT TiM
afalgehm

si tes ti W Tim Ti
la

CITA CIDETICW TIM V

Cita stile w.FM V

Independently from the previous proposition one can show by the
same means that the convolution product is associative

Prg On CTXIX the convolution _product is associative

prof We need to show F GAH FAC H that is

Tissa Tif Ti E e tic Tish T.rs Tii ltise ITff.taice tata

inConsider the contusion square fa 1
rabid XIX X e

ac

la b al 1 b c



Tissa TIF Tri T.de TiiG.tisH

Tisia TIF Strale tesa t.la Trin

T.az TiiF tnae Tzs'G.TsaH

Itis 51147 THÌTIF TestG Tsim

Citiale Tr'F Ti G Tsim and the sama with the RHS

Male We notice that for these property to hold it is enough to have
the following Some category of spaces S whichhas felice
and a terminal abject

I L L In FI t of mathematical

1 FIX should be some sort of commutative algebraobject so that
it has a nation of sum and product Which satisfythe usual
commutativity associativity and distributive laws

2 For any IT X Y we want to have forctorial in T morphisms

F Y FR which should be anapofalgebrta.FRF Y which should be linear

PF An equality Ef 09 Te foteg
Projection formula

BCF Given a cartesian square
g If an equality f 195 g fa

7 57BaseChangeformula

def This is called in the literature a functiontheory



IIEOMETRICACTION F.in a category of spaces S witha function theoryF

e Ces enceations Consider x ̅ X Y and a correspondence

XIX Suck that Pa513 Ps Tra
Pro523 Pc Ti

IE LE andsuch that the diagram

EX X Ex X
is cartesiane

Yey µ
P2

ie a fb productsquare

Then the formula M Cpa V0PIM

FIX FIZ
defines an action of FIXIX on FCZ that is

a VA NAM UAW M b

pf We need to compare the expressions

a Pz V0pirata WORM pa VOCE T.tl WOpiM

Gelatasto TIVO T.TW x ̅ p M

protesta tzsV T.tw Piotr M

b pala Cts Tiwatasv PIM pa ta TI Votino TIPIM

partis Tas T.TW parte M

Indey basechange projection functoriality Tof algs



e A nanfibes Consider x ̅ X Y and y.pt Y

Let us denote by Xy the pullback Xy

Assume that

11 Pullbacks are stable Under composition that is

in
12 Pullhacks are distributive XII 2 7 X Y 27
2 L'Xy X satisfies L'LoL L F X Fixy

Then the formula F XIX Fly FIX

V M VIM L Ta V0 ITILM

defines an action of F XIX on FXy

pt we need to compare Vegf YI Is

b L'Ita Itis TiwottV o ti M

L Ta Tesla T.IN0tztV TitTiLaM

Ts T.tw Test TiLam



a L'Itala V0 T.LAL Ta W TILAM Xy È

L'Itala V0 227 1 1 L ta WOT.IM

2ª ta V0 i E ta ta WOtticaM

L'Iii V0 i 127 tastat.at woricem i x X

L Isis V0 ala ti i TIW TIL.MT è I 523
i X

L'ini Voltata L7 E Tiwari car

intatta TiVo L2123 T.IW nic.nl

2 Ts i CH'TIVOLITIWANTIM xxx
L'L.IT 7aL3 Ta'V6Titwoiticar

L LaL Ts Ii V0Tiwa ti car I



e A less naive example always with thetoymodel of finite sets
would be the function theory of vectorbundles

Vectfx 3 EX Vix evectx NON x ORIONE 1 DAI
SUONJAI UMANE INN

We see that the equalities in the base change formula
and in the projection formula become isomorphisms

2 Heaketypealgehras e

ddoffintegrapa.INe now torn to another toy model our spaces will
be finitegroupoids That is finite categories finiteobjsandfinitehoms
where everymorphism is an isomorphism This should bethought as a

toy model for stade

e.EEgEiieeEe'acteati 3 è p Èax gieras

T.SI Inopa Ei F Ensioere iii sciiti.in
exists an equivalence as categories betweenthem
Isteopy 9210ps are relevant ptla a apt withtrivialaction pt
A map ptla PYG is the same as a morphism of groups

G Ge

fact To get a good notion of fiheredproduct i e invariantunder
equivalence we should consider the 2categorical version of this

If Fibered products are computed in thefollowing way

Y
Ob ex y'et gifts gi 2

Hominis si si.rs 24 L



eleverage

The following is cartesian i e a fibered product

as aut a pt
L

follows from construction

pha

Let HIC then G is acted upon by HH via

hi hi 9 philgahi Let HIGH be the associated grp

Then the following is cartesian i e a fibered product

HIGY p The map HIGH PHH is giver by
the map of sets a pt whichis equivawant

1
pepe reti with respect of the got

µ

rate This describes all finered products since everyfinite groupoid
is equivalent to one of the form 71Phai

Let's look at functions on these spaces

def A function on a finite groupoid X is a function
where is the set of isomorphism

classes

and Still we want to remember the groupoid structure

e in the case of Ha functions on this groupoid identify with
functions on which are invariant with respect to the a action



Whilethe notion ofpullback is pretty dear how should the pushforward
be defined In order to the projection and basechange formulas
to hold

I Given pin a pa Crpth erta is given

è
by multiplication by

e Consider a pt

Ienti
ha

so that if we ask for te which ames from a map of sets
to be the usual one we must have

Le 1 la
Considering pt t pt a pt on the other hand by fonctoriality
the equation pelx idy gives us pelt

Lenma ra.se Figure out the general formulas The projection and base
change formulas hold

examplatonhar consides finite groups HCG then THIGH
is an associative algebra_This is Known as
the Hecke algebra associated to the pair GHI

Indeed mia n arises as a frhered product of the form
XIX in the case Xeptte Y Pt a and the general

paradigm applies

end These are all very different associative algebras
For instance if H e the trivialgroup we get the group
algebra era while for H G we get the trivial algebra



e Let's compute the convolution product on Hair

in HIGH identifies with the following groupoid

Choose g _ge e G representatives for thedouble onset classes
Lit Hi 2 h hr eH higihi gi2 then

HIGH e II 941
Under this isomorphism the projection Tj n Pth restricted to
Si Mi identifies with the projection Ty H ptfe PG

cara The base chargeformula holds Consider H Ha a_
The fibered product adnite a description as before

a ha rt aira.sn ridati
Titti resa

Let 1 e Cirta then dire 1

On the other hand write mia re Il where HizbEH He
is the stabilizer of go and 3902 double ont classes

On each 9 4 Ti 1 1 And therefore

Citata ti 11 taluni rita t E Inn
Thus we reduced to show al I but this is the

orbit stabilizer thm



en Let's compute the triple fibered product

pthpfg.ptnfaPtH By definition its objects are couples 9,1921

And a morphism 691,92 gi gi is given by a triple
nihilo such that

m 1 In commutes

That is 9sha 429
92 ha hag

9 hagah
gi hs92h5

So we may identify ptafg.ptnpfnph Exa HHH

where hi hi hs 91,921 higihi hsgrhi

the two projection Graham Ha identifywith thenatural
ones



Let's now ton to the case of vector bundles

What should be a vector bundle on such an object

I It should be a fondo vede that is for any
point e X a vector space Vix and for every path
g X an isomorphism 8s Vix Via in a functorial way

1 IT E i n io

that is a rectXi VectXi is an equivalence in Abcatson

Every groupoid is equivalent to one of the form Il ptai
where ptra for a finitegroup G is the groupnid with one object pt
with Autpt G
Vectpt a RepG as abelian monoidal categories
Hom pt a pt a Hanap G Ge

and for a C G Vectpt a È Veotiptla

Re an Rep G

What should the pushforward be
in order for the projection formula to be satisfied

and bene change

a pt
a

ms E Le K Te K
IL

pt sta 419

La b
gII La tntftn.IIIF.meIITshouobec.rn otas

the regular representation It turns out that it should actually be
its dual Law KTC which in char O is isomorphic to the regular
representation



A For a G Ga a pta Ptaz

Pa Repoca RepoGe is the
crinductionfundovHomypg.rs kTGa V

That is the fhtadioint to the forgetful functor
This is consistent with the usual algebraic geometry notation

e Consider ptla pt Then the associated pushforward

Ts Rep a Vect identifies with the f ofinvarents
indeed

Te V colnda v Hamara b V

Lemma The base change formula and the projection formula hold

Pf For the projection formula is enough to consider a singh map
9 G G ie 9 Pta ptten

So far VereprG and weRep Gi we need to pavida a natural
isomorphism da V7 W 9 V09 W

That is ainda N ow andà V0ResEw
we use adjunction let Z RepGe

Homa Z crindà v70 w e Homa Zow alndàv

Homa RestaolresaiW v

Homa Resaiz V0 Res w

aHong Z alnd VoresEw



For the bare change formula it is enough to consider a diagram

4,14 Ha AH Take VeRepin

Leiti

PH Ha

pira la V ResatalndiV Hama tra V

Write 4 Ha 71 9 Haa

then TIV gu Resti V and

Cia tir colnd Resti

Honey 4TH V

Let us note that there exists a canonical map

res crlndi.V s

colndh.restiivohtaind
by adjunction Recall that f fa so that we have

unit 1 fsf and crumit ff 1

From the equality Tia Tia one gets stia ana tiroide la

and x ̅ 927cal tia.ca ti and again by adjunction

9249,7 E Ti

This being on isomorphism is a consequence of Mackey's formula
We leave it as on exercise



Monte

G pt is cartesian where a is considered justas a set
The triple product

pt pttaptjapty.pt a a

and the map Gra a coincides with multiplication

Vectra is naturally a monoidal category where
Wow g UNOUry

e Heche categories Let HCG and consider

HIGH pta Where HIGH is the groupoid

1 I obtained by ansidering G with
its HxH action

Pty pt a

Then Vector alate is a monoidal category where the
product is the usual convolution product

A significant change happens at this higher categorical level
It is a theorem of Niger and Ostrik that these categories
are all Morita equivalent

That means that when looking at modules for those categorified

algebras we get for any H Kea

Vect 41ª n mod eVectma w mod

Of course one should define what is a module in this context

In the extreme care where Hept H G we get
Vect G mod Rep a mod


