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We are going to talk about holomorphic differential
equations

rate Let ID be an holomorphic dish and consider a homogeneous linear
system of differential equations

I FI I ae a eaera.o

Then given da_In e solution such that filotedi
This may ha checked usingTaylor expansion

Now consider the differential equation

L e f z on

One may check that f eo so f a t b

so that I is a square root function

It has a global solution Nevertheless we can solve it totally
on small disks in a orique way
Chase a number and a circle y 50,1



Cover o by a finitenumberofdisks
and solve the eq on Us by

msn.a.IE1o G9gyYI may end up with
another value for

fact This construction induces an action
is C 117 GL Q Am

The same reasoning can be carried out for arbitrary
domains Cit

To a din n system of differential equations we
can construct a mandmyaction

meus Paix Tak Glu Cof
Affamak

I Hilbert 1900 21st problem Given any pit ix I GLICI

can we fino a system of differential equations
with that monochony

I If we allow a more general notion of differential equation
the answer is yes



SEI Connections
Lit be a complex holomorphic manifold Let Ox be
the sheaf of holomorphicfunction on it and Slk the
sheaf of holomorphic 1 form

We identify vector bundles on X with locally free
sheaves of Ox modules

def Let U be a vector bundle on X
A connection on U is a C linear map

O week
such that for any feox GEV the Leibnitz identity holds

fe fro ooof

A local section GeV is called flat if ME

localpie lfv.at then Veri e RI
and P is determined by Drei by the Leibnitz rule
and one con prove that

D d A AEMin RKK

RMI D induces a morphism

actp Tx Enda V via the pairing

Ego ETERIEU Oxen
where C Tx l Ox is the canonicalpairing



This is Ox linear and maps into Deroxic v the sheaf
of derivations

Weenggigen Ox acting on the targetof

def The cfr of a connection is the composition

D _DoD V Ver VOI where

D DOR VOR is Polow oodw PG aw

a connection is called flat if 72 0

prof A Connection is flat iff Te Ende U is
a Lie algebra homomorphism

end This is what is called a Dmoduli on X
More generally a left Dx module is a quasiorherent
sheaf of Ox modules V equipped with an Ox linear map

Tx Dora v which is a morphism of Lie algs_

Mente A connection on a vector bundle on a convn is automatically
flat since 0

def We define the sheaf feltions of CVP as

2707 se Vul Desi 02

It is a sheaf of vector spaces
Locally it amounts to salve a linearhomogeneous system
of partial differential equations_So that the data
of V DI may be thought as a twisted my V7 homogeneo

system of partial differential equations_



E Systems

def A local system L on is a sheaf of C vector
spaceshichis incally a constant sheaf

is said to be of finit type if a è Gift
sheaf

locally is a constant sheaf of finite dimension

Tha Frobenius Let V DI he a vector bundle with a flat
Connection Then UP in a local system

ante In the case where is a corve this il equivalent
to the statement that on a disk ID the solution

of a diff ca f Af is uniquely determined by the
value of at any print EID

Construction Let L be a local system of finitetype then
Axe 289 is a vector bundle and the morphism

Da 11280 Ex LEOX LEEKIE LXerke
defines a flat connection on Lx

The Riemann Hilbert correspondance v11 The functors
Vill

2Vector bundleswith a flatannection E Locsys 7

E Da L

are inveru of each other and hence establish an

equivalence_



We now compare local systems of rank is to representation

of the fundamental group

Lenna 1 Local systems on I 50,1 are trivial
ese 2 Local systems on 12 are trivial

Ce Let be a path connected simply connected space
Local systems on an trivial

pf Let L be a Local system on We want to show

sette è FiniatiettEssatini
For any points Xing e we claim there is a canonical
isomorphism eye fix Ly Gnativet it as follows

Choose a path g y gr is trivialÉtiere is a

canonical iso Ex 8h a raid 871 L
we obtain on isomorphism fyx La Ly

If y is a path metope fr y then Jyx t'yx
Indeed let him such that he 01 p al 11 p
nF is trivial so

è happy.tn following diagram

Ty
Show that the top and

f bottom map are actually
Tyx Jigen

na hai

Since by assumption all paths from to g are homatopie
in we get the desired canonical iso eye Lx Ly



To prova the corollary one can show that given SELe
the collection 89 0957 yex determines a section SECHI
and that this is the only element soffi such that so_sa

III action it sI ai Iaiiaiii
Mona LocsysttX Rep ICX

E finitedimensionalInal system rape
of fontetype

The inverse is given by thefollowing ornstruction Let x ̅ I be
the universal over which has an action ah a x ̅ such
that FARA EX

2 Reptirus Xxi LacSgs X _Ittica L

T.ru
1

Gustat sheaf on x ̅

G Hibert 21 There is an equivalence of categories

2Vector bundles with a flat annection

La
Reptidita 4 1


