
 

MA AND T

Howmuchof a group can we understand studyingits category
of representations

1 Everything This is the contentofTannakian duality

Se The geometrie context
We will how at functors X Alga Set

e Tag.IE rmtn rierit ri mi 1
DnAlga Sit Rus RER r D
ID Algo Set RmsUCR nilpotentelements

ente The Yoneda embedding provides Alge Funtalge Set
EFunAlgaSet A 1 ha A

Hom ha F FCA

FactFAn isomorphism ha F is givenby some universal
element EEFCA

If e FondAlgaSet is called
affizfe.IE isomorphic to someha with AEAlge

e A hah a exercise ID is not affine

E ha A IIII
Dr ha A III



def An affinealgebregraupscheme is a functor

G Algy Grp suchthat the underlying Setvalued functor
is affine

Equivalently on maystart with an affine functor X and give
a forctorial group structure to thevarious R

Equivalently onemaystart with an affinefunctor a andgive maps

m Gea G 7 a G e pt G

which satisfy the usual commutation_

tenta As for usualgroups m determines 1 and e so that
thestructure of a group is equivalent to the structure of a monoid
Satisfying some properties

Già R ms UCRe è L ai Ruslituers
GLn Rms GLnR
For Verects V R ms VR where VpVER
GLIV R ms GLRVR

estGive definitions for SLn On
Givedefinition for PGLn

end Verifythat exp Cia Chi
in char 0 r 1 Io r is an isomorphism of group functors

poplef Let G be an affine functor and let Eta be thecorresponding
balgina Then to give the structure of a group function to
a equivalent to give ans.IE If sh ratIm Era La ILIC



e Write down theHoffalgehra morphisms for Glu

def G offgroup scheme A representations of G is the data
of Verects toghether with a group homomorphism

pig GLIV us Category Rep a ed Show it is abelian

proples To give a rep ve is equivalent to give a

ktatomoduleynettov

e varia YIT
Vorrai vorrasara IIII

Prof Every representation of an affinegroup scheme is the onion
of its finiti dimensional sub representation

def rep a the category of finitidimensional G representation

SI M ALATEGORES

del A Medley is a category e with a functor

O_ exe E which is associative and ammutative up to
naturaltransformations

are natural transformationsso
7 monoz

Ey 89 907 52 ideay

Such that the followingdiagrams commute



yo zow AZIAW

Yizon Yaw

0470 ZOW I 0 407 OW

KY FayyzoidWI
1 04707 0W Pentagonidentity

H_idntitsx
mzIETitXOIZOTIIQ.z9

faxiez
02707

04707
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201 04 ZOX 07

iii
suchthat usUOX is an equivalence

It followsthat there exist natural isomorphisms VOX e YOU
which are compatible with re α and 0
The unit Ue is determined uniquely up to natural isomorphism

Net We write 1 instead of 0 mostof thetimes

def A morphism of symmetric monoidal categories e 8 D 8
is a functor F e D together with a natural isomorphism

FROY FIXTOFCY

compatible with a and o



examples Veet rect
RepoC reputG
Amod Proj A Anoeth Fiat A
Bun x 3vectorbundles on a variety
coveringsof a topological space FOG FIC

rate In some of these categories there are two important notions

An internal Hom XY eVecta HomX9 EVecta same forripeta
Dual objects in recta or reputa

del Let e be a symmetric monoidal category_ If thefunctor

Ta HonTONY CI 1 Set

is representable we denote HomeXY a representing object any natural
isomorphism byYoneda HamitHemet HomTOXY comes equipped

with an evaluation map evey HomeXY 7 which is universal

example Vede Amod Bonfx

rate If we assume the existence of Homer XY E C then there is
a natural composition map

Home 7,2 HankY Home X Z

Induced by Home7770 Xy Homer2 7 È z

ronte Hom 1 HomKY Ham 10K 7 Hom XY



def The dual of an object EC is defined to be Homi 1
it comes with a natural pairing XOX 1 inducing an isomorphism

HomCT HamCTOX 1

sente One can make the association mix to be a
contravariant functor
Indeed for any f X 7 there exists a unique
te 4 such that

Tax È 107
401 f f tf g 7 49,7177

1

senteThere is a canonical morphism Le X induced by

Ham Hom N1 Ham XOX 1 aere

def An object EC is reflexive if Le X is an isomorphism

extol An object Lee is said to be invotible if L el toghether
with an isomorphism LOL 1

a every invertible object is alsoreflexive and L L

aample recte is the subcategory of reflexive objects of Vects
reflexive objects in Amod are projective ones this not an abeliancategory
anymore

repra is the subcategory of reflexive objects of Repsa



def An object Xel is dualizable if el toghether with
morphisms

santut

rate HamCT HamTOX 1 is an isomorphism T

PI Write Ham TOK 1 Hom T

α TOX 1 TERTOXOX II

and verify it's the inverse

sente By symmetry X is a dual of and is not hard
to check that Lx X is an isomorphism

E IE iiia tais i E E i
to define u as the dual of eh

È 1 Xox

def A symmetric monoidal category e is called rigid
if thefollowing are satisfied

1 HomRY exists for all Yee
2 The natural morphisms

Home 1,71 Home 2,72 Home X 2,71092

are Dos



3 All objects of e an reflexive

examples recte repra

SEI
FIBREFONGORSE.am

amph

Let be a connected variety trpological and let Loc
be the category of connected coverings
Consider it as a symmetric monoidal category via the operation

EOF E F fibered product over

Consider also Set as a symmetric monoidal category with
A B A B

and for any EX the functor

ca Lack Set ED Ex fibre of a in E

is symmetric monoidal

del Let Autwa be the group of natural automorphisms of
Wx That is

Autrax gre CoxE Ux E forctorial in E 2



MI There is a canonical group homomorphism

II Xix Autrex

vinse
we get themenyaction

Given get Xix and e e Ex g e fr
where f is the lift of such that flat e

It is evident that given any morphism q E F

atthe induced map on thefihers Q E Fx
is it Xix equivariant

8 ex e is computed as Ffrt where ff is a lifting of
starting at are

a FE is such a lift forany Fe lift of starting
at e

Prof The map Tiki Autlux introduced above is an
isomorphism

pf By the universal property of the universal covering
x ̅ any envoung E admits a unique map

x ̅ E in addition it is Known that the action
of Taka on Fa is simply transitive

This last assertion implies that the composition
Ti IX a Autlaxl Act Cox E 1 is injective

so that the first map is injective



It remains to show sorjectivity so pick an dement

geAut we then g E is an automorphism of

Karatewe have an identification ti Xix Aut I The natural action
on Ex is simplytransitive men

g x ̅ x ̅ è Aute equivariant
g

m È
transitive

Let 8getti XX such that rgin g.to
We claim gg g in Aut we

for Eelock and et Ex Let α from thewww property

g e g a E

fa
g e α g g è

Aut action
funatofg

Implytrenitore

Idgie α r rge a rg è

Fataction Aut action

rg.GE 8g e



innamorata
This is blinear exact faithful and monoidal

ftp.t fj1 b Alg Gpt

hethefunctorAutIwRI AutIrapua recto moda

where Auto of a monoidal functor F te 1 11,0
means the subset of natural isomorphisms F e Fsuch that

FIXEY È FIXEY

t n t
FCXIOFMI FAI FAI

To rephrase thedefinition an element eAffw R is a collection of
R linear isomorphisms tv VR VR indexed by finiterepresentations of
G such that for any Gequivariant f w

Y In
ammutes

R R in the identity
and dvow dv

twrnte.thereis a canonical morphism of group functors

G Autori

The This is on isomorphism

pt Lat eAutIw R then it's easyto see that the collection
3 1 VR VR VereprC uniquely extendsto a family defined on the
3Aviva Vr Verena I entra Repwa satisfying the same prop



Let A be the Hopf algebra corresponding to G
Recall that it is also a representation via

Δ A AGA previously denoted by mA BTC KTGIOKTG

recall that the comodule structure on the tensonproduct
is given by

ugueenoupagia17 voi

Che m AGA A is of representations Marra vs ra

AAA CARATTERIAAAAA
1m01
ADA

Δ

E citta rainE
a r AG Tg

Xy Ky

xy.my Xiying
449

e xD

We get that Yara YARA AFAR AGAR
tra Lmr

so that is is on algebra
isomorphism AR AR

Neet we claim that Δ A AOA is a morphism btw
ra and 102A where ra is the regularrepresentation



Indeed A AAA a
GIG EYE

IIII a.tt aIa axaaa

Xyz x y z

That implies that AR fra
ALOAR.I.aar

AR.idA
Translated in the group version we have a map

Gr Gr da of algebras such that

areGr Gr that means d g xilal

CERCAR

And therefore 149 g l 117 da 1
It follows that I is given by

AR AROAR Ar RIÀ
Now for any let Vo the underlying trivial rep

p V V A is of Amodules so

I
E Va A VaAAA

1187 tu a themultiplication

e Vo A by 17



Thad Let E be a blinearabelian symmetricmonoidalcategory which is

rigid Lit
a e recto

be a blinearmanicial exactfaithful forctor

Then Autllw G is on affini groupscheme 1k and
the canonical morphism

e reprG is on equivalence

t.at
That The factor

G tonsors Homo repra BunXI Pmi V Per Peya

is fullyfaithful




