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and An additive furcton F rect Vect
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and TÈ restricted
to rect preserves directsums
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We continue this story in the settingof Da Categories
The reason is that we willultimatelywill have to make
homological algebra considerations on modules over a topological
algebra



Motivations Disclaimer

It The ultimate interest is geometric representation theory
so that

il Some of the categories we are interested in
will arme up as categories of sheaves on schemespuetad
For instance we want to come up with a
sheaf theory strong enough that
Shoal is monoidal wat convolution

At the samatime ShCLa shouldremembertheIndper nature
of LG

ii Homological algebra is essential when working
btw functor btw categories of sheaves so
we want to mix homological algebra topological
algebra

e Let H be a classical group fonctor
which is on IndSchine dried immersione

A
A fin Plon Mi is a algebra and hence

M Oh 41
a x ̅ algebra

mi HxH H induces A AÉA



Ming We will be mainly interested in the 00,2 category

of DG Categories over a fixed ground field of characteristic 0

We will be mostly looking at DG categories whichart tplete
admit arbitrary Dacata denotes the category of
cocomplete Da categories with leolontinunus exact functors

Vect 161 A mod DAI the derived Da categories
Dacatont admits a tensorproduct_ whichmakes

Daggeto into a symmetric monoidalcategory Net 1
DGCat is a closed monoudal category that is
There is an internal FECEDI we omitout
For CODE FonteEIDET

Thereexists a strictmonoidalfunctor Agh Schaffe Dacatonto
where Schaffw CAlga such that
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ACCESSIBILITY

def le Cat is b accessible if one ofthefollowing equivalentconditionhold

1 e induced with lo small
E pshle generated by la under Hae

Lalimits
E is vcompact

terra refitted
2 C is weermpact dcompact

li totally small
Iii Has u filtered alimits
iii 2 se of v pt ohi is essentially small
al C ce generates under afiltered alints

def E accessible Fi e D is u accessible if preserves
e fltured alimits

def 14g
cardinals if m'en Palpi 2rem 1 1 12

2.1accat paceCat
has a cofinal subsetof 1 1 cm

essi non

there are arbitrarily large cardinals forwhich a category is

def locally Presentable accessible all smallalimits

MI Vect is presentable

ATI F D btw lorally presentablecategories

1 F has a rightadjoint iff preserves small clients
21 F has a left adjoint iff preserves small lonts
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A functor Vect Vect is prorepresentable
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Prof Lit CEDC.cat and F e Vect be
accessible continuava

Then F is prorepresentable



It is possible to enhance the above discussion to Vect DGCatigny

We get Protect Puvict EndoacatoVeetVeet

accessiblefunctorsfact Privect has a natural t structure for which
Prorect Pulvict left
Provect Paired righei.II f.I
sopov.at Privet È È.IT

et
rate Algò Raciossible ormonads on Vect

E Amorta Amod Pavia AEAlgé
feti down

A marinaio Amodtpuvectfj.pe Ved

rnk Lit À Vect Vect the ormonad given by A
Then

A modnain S end

A modnaire È Vect is antivous onservative and ammadia

not As any forctor in Dacatent Obiv is prorepresentable accessible

Mi I A modnaive such that

FelizHeffi Oblu

We claim legObiv Fi A

Indeed let enfreea Vect A modnaive the right adjoint to Oblu
by the comonadic picture Oblu acofrea Hempraveet A 7

Hampravect EIablufi V glim Ha ohrfi V7



GlimHam Fi cofieraV Oblungfrica

Hamparet Ai

1IT Tensor products

Protect is endowed with two monoidal structures

Poco commutativa under Provect Endlveati

Let Aig Cat be the category of monoidal categories
with eaxmonioararctonci.ci

Init is symmetric monoidal w.at products

Prof Provect is a commutative algebra in Algecati with
multiplication À

ce There is a natural transformation

Ivaòva E Wièwa Va Na visiva

Provect ProvectÈ Pavect è

F VW VÀW Fluiva fiwa.wal Cv.dvalkw.siwe
1 1

F Viò'W Un Wa View àvidwel

prof Day onvolution

Devect with the algebra structure

Monsacat E DI Hmaiglare EHomieDI HaydenD

e Vect has day convolution

chain È corresponds to Dayconvolution
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Endrect Endreati È End rect
F G U FIDOGIUS
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GI È algebras are naturally algebias

If A B e Algò A B EAlè

On nodules

We have Amode B modep È A B mode

by general nonsense which induces

Amodnaive B modnarve A B morincive

IIIng when looking at usual algebras annnective

A mod B mod AAB mod

rate è product of modules is an è module

AÉM M
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A B MÉN



dimensionalsituations

Renormalization
tbh

Bootstrap from finite

On f Categories it is thechoice

Forte 1 7,7 annacts c'e et
Roughly is the
work of Indgh

Renormalization of H mod

Hmodwean Rep H mod RepCUI Ind RepHIC

Mmodwealnaive RGh H mod

Need Ripulnaive QghCU mod

Rapite RGhul

vs 4 modereals Hmodwednaive

e
Veagne

E RGhCH mod

Ntt For Dell modweal we think D C for Ce Hindweals

Rephlmod H modareale Hmodweannaive
C H.arnaive

Oblu

pacata DGCatont

Vect dualizable aver ReprH L R adioints of

Hmodwear H modwearnaive



lib ladratonnective
algebra

Privet

We look at connective algebras feat

Refff
A modnaive has a canonical Estructure for which
Oblu Amodnaive Vect is texact

This structure is rightcomplete since Oblu is continuous

I rightcomplete colin IX
Oblu onservative Veet rightcomplete

IIII ve Privect w̅ limnt V ePrivect

Convergent completion

If We say U is agent if I is iso Notincomplete

rate V is convergent if andonly if it lies in Protect eProlvect

equivalently Fr Vect Vect is left Kan extended from

Fv Vect Vect
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pay The category of connective convergent algebras

Imitigiideffe 7,4 category of left't exact accessible



and If AEAlgè is connective then Àeitlgè is connective
and À modnaite A nodraive

pt Gnnectivityeasy since e era E real e rightadjoint

1 È is continuous in the first variable
there is a natural transformation A à binBj lim AÀB
sn a limitof algebras is naturally a algebra

2 E is Mpeg and for objects in Vectthere is
a natural transformation

e a Iny talxoy

enterocaker b 2h
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Tina è A EA È

A x ̅ A A

There is a natural Remind 511 on Enduel acts
Impavect 113,0
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is a lift adjoint

not A annective AlgThen À 7 nA

À medicine A medicine as armonads it is
dear though
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def A renormalization dat
A is a Da categIs È.NL 77 peaFdIh
a t structure and on equivalence

p Amadre A modnaire such that

1 β is t exact
2 A madre is compactly generated by

generators lying in A modten

3 The t structore on Amadren is apt gen

i 1 GEAmadre iff
Hma moda

F G 0 FEA modant

ampact_

a

1 IndGh Assume A is classical of finit type 4mod
Define A modren Ind ah Spica A smooth A madre

2 Assone A is left ahourt ftp.t 9f faanalsothis inclused polyalga in

cn infinta number of variables
and their localization

Amodan finitely presented astomologies bounded

Ind A modah Amadre

A Da affini pro groupscheme

Amadre A noi



3 Ai AlgVect pay system limA eAlg Algè
left coherent

Assume Ai Ai is surjective with finitelygen and sopresent
Kernel

Then Aimodanh Ai modcon

Ai nodra Ai nodner

A nodrea colim Ai nodren is a renormalization Natan
for A

fact In the dassical case Amore has a nice t structure
whose heart is equivalent to the category of diete
Amodules

te Let Amodren e A mediative the categoryof art objects in
Amodren

Consider Amodtaire B modnativa CAÀB nodrite

And at Cabinda the Karate.ttptt.FhETnageAmodEen Bmedia A B modtaire

The AÒB media defines a horralization datum for
A B for which the ind extension of

Amadre B nodian AÉB morire

Induces on isomorphism

Anodren B nodren A B nodren


